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FIXED POINTS FOR GROUP ACTIONS ON
2-DIMENSIONAL AFFINE BUILDINGS
JEROEN SCHILLEWAERT, KOEN STRUYVE AND ANNE THOMAS
Abstract. We prove a local-to-global result for fixed points of groups acting on affine
buildings (possibly non-discrete) of types A˜1 × A˜1, A˜2 or C˜2. In the discrete case, our
theorem establishes a conjecture by Marquis [12].
1. Introduction
The study of local-to-global results for fixed points of groups acting on affine buildings
originated with Serre, who proved such a result for simplicial trees [24, Corollary 3 of
Section 6.5] and introduced property (FA). This was extended by Morgan and Shalen to
R-trees [14, Proposition II.2.15]. We prove a similar result for 2-dimensional affine build-
ings of crystallographic type, meaning that the associated Weyl group is crystallographic;
as discussed in [10, Section 9] this assumption holds for all Bruhat–Tits buildings and
all discrete buildings, but there exist non-crystallographic R-buildings. We also assume
that the building is not of type G˜2, since our method fails in this case.
Theorem A. Let G be a finitely generated group of automorphisms of an affine building
X of type A˜1 × A˜1, A˜2 or C˜2. If every element of G fixes a point of X, then G fixes a
point of X.
By considering finitely generated subgroups and using a theorem of Caprace and Lytchak
[6, Theorem 1.1], Theorem A extends to non-finitely generated groups as follows.
Corollary 1.1. Suppose a group G acts on a complete affine building X of type A˜1×A˜1,
A˜2 or C˜2 such that every element of G fixes a point of X. Then G fixes a point in the
bordification X = X ∪ ∂X of X.
When X is discrete, Corollary 1.1 confirms Conjecture 1.2 of Marquis [12] for this class
of buildings. In his paper Marquis introduces Property (FB): every measurable action
of a group G by type-preserving simplicial isometries on a finite rank discrete building
stabilises a spherical residue. Since continuous actions are measurable, we see that for
discrete groups this is a higher-rank analogue of Serre’s property (FA). As explained
in [12, Remark 3.4], Corollary 1.1 combined with the Morgan–Shalen result for trees
implies a special case of Conjecture 1.1 of [12].
This research of the third author is supported by ARC grant DP180102437.
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Corollary 1.2. An almost connected locally compact group G acting measurably by type-
preserving simplicial isometries on a discrete affine building of type A˜1 × A˜1, A˜2 or C˜2
has a global fixed point.
Many other local-to-global results similar to Theorem A are known. Parreau in [19,
Corollaire 3] proved a similar result for subgroups Γ of connected reductive groups G
over certain fields F , where Γ is generated by a bounded subset of G(F ) and the action
is on the completion of the associated Bruhat–Tits building. Breuillard and Fujiwara
established a quantitative version of Parreau’s result for discrete Bruhat–Tits buildings
[3, Theorem 7.16] and asked whether their result holds for the isometry group of an
arbitrary affine building. Leder and Varghese in [11], using work of Sageev [22], obtained
a similar result for groups acting on finite-dimensional CAT(0) cube complexes (these
include discrete right-angled buildings, in particular a product of two simplicial trees).
However, a statement similar to Theorem A is false for infinite-dimensional CAT(0)
cubical complexes, as shown by Osajda using actions of infinite free Burnside groups [16].
Recently, Norin, Osajda and Przytycki [15] proved a theorem closely related to ours.
Theorem 1.3 (Theorem 1.1 of [15]). Let X be a CAT(0) triangle complex and let G
be a finitely generated group acting on X with no global fixed point. Assume that either
each element of G fixing a point of X has finite order, or X is locally finite, or X has
rational angles. Then G has an element with no fixed point in X.
Remark 1.4. Theorem A is valid for both discrete and non-discrete buildings, whereas
the buildings to which Theorem 1.3 applies are all discrete. However Theorem 1.3 holds
in the wider setting of CAT(0) triangle complexes, and so in particular includes dis-
crete buildings of type G˜2. Our proof combines very general CAT(0)-space techniques
with specific building-theoretic arguments, while [15] uses Helly’s theorem from [8] to-
gether with sophisticated results including Masur’s theorem on periodic trajectories in
rational billiards [13], and Ballmann and Brin’s methods for finding closed geodesics in
2-dimensional locally CAT(0) complexes [2].
The next result follows from Theorem A together with the fact that every isometry of a
complete affine building is semisimple, that is, either it fixes a point or it is hyperbolic [18,
Corollaire 4.2]. (The corresponding consequence of Theorem 1.3 is [15, Corollary 1.3].)
Corollary 1.5. If a finitely generated group G acts without a fixed point on a complete
affine building X of type A˜1 × A˜1, A˜2 or C˜2, then G contains a hyperbolic isometry, in
particular Z ≤ G.
We note that Swenson proved in [27, Theorem 11] that if a group G acts properly
discontinuously and cocompactly on an (unbounded, proper) CAT(0) space X, then G
has an element of infinite order. So Corollary 1.5 can be viewed as a strengthening of
this result in some special cases.
Corollary 1.5 in particular gives a negative answer to the question of whether finitely
generated infinite torsion groups can act on discrete affine buildings of types A˜1× A˜1, A˜2
or C˜2 without fixing a point. This question (for all 2-dimensional discrete affine build-
ings) formed the initial motivation for our work, and was generously suggested to the
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first author by Pierre-Emmanuel Caprace as a test case to complete a first (small) step
towards a Tits Alternative for groups acting on CAT(0) spaces. The celebrated Tits Al-
ternative [28] states that every finitely generated linear group is either virtually solvable
or contains a non-abelian free group. Over the years Tits Alternatives have been proved
for many other classes of groups, for example groups acting on CAT(0) cubical complexes
[23] or on median rank spaces [7]. Osajda and Przytycki [17] built on Theorem 1.3 to
prove a Tits Alternative for groups with a bound on the order of finite subgroups which
act properly on 2-dimensional recurrent complexes.
We prove Theorem A in Section 3 by first reducing to the case that X is a metrically
complete R-building and the action of G is type-preserving. We then show that if G has
two proper subgroups whose fixed point sets are nonempty and disjoint, then G contains
a hyperbolic element (see Proposition 3.4). Theorem A is obtained by combining this
result with an easy induction on the number of generators of G. To prove Proposition 3.4,
we construct an orbit of an element g ∈ G on which the Busemann function with respect
to a point ξ ∈ ∂X is unbounded, hence g is hyperbolic. A key role in this construction
is played by the “local lemmas” which we establish in Section 2. These guarantee that
for ∆ a spherical building which occurs as the link of a vertex in X, for any point in ∆
there is an element of G which acts on ∆ and maps this point “far away” from itself.
We also explain in Section 2 that there is no such “local lemma” for ∆ of type G2, and
so our strategy fails for X of type G˜2. The lemmas in Section 2 are proved type-by-type
using the description of ∆ as a point-line geometry (which varies by type), while the
arguments in Section 3 are partly type-free, and use CAT(0)-space techniques together
with properties of affine buildings.
Throughout the paper, we assume knowledge of discrete buildings on the level of the
references Abramenko–Brown [1] or Ronan [20]. Our main reference for non-discrete
affine buildings is Parreau’s work [18], and we mostly follow its terminology and notation.
We also assume basic knowledge of CAT(0) spaces, a reference for which is Bridson–
Haefliger’s book [4].
Acknowledgements. We thank Martin Bridson, Pierre-Emmanuel Caprace, Timothe´e
Marquis, Dave Witte Morris and James Parkinson for helpful conversations, and the
University of Auckland for supporting travel between the first and third authors by
means of an FRDF grant and a PBRF grant.
2. Local lemmas
In this section we consider the action of a groupG on a spherical building ∆. In Section 3,
∆ will be the link of a vertex of X, hence we refer to the results below as local lemmas.
Remark 2.3 explains why there is no local lemma for ∆ of type G2.
We realise ∆ as a CAT(1) space, so that the distances referred to in each statement are
the distances in this metric on ∆. In particular, opposite points of ∆ are at distance pi.
For ∆ of type C2 or A2, we consider ∆ as a generalised quadrangle or projective plane,
respectively. For g, h ∈ G and p a panel (point or line) of ∆, we then write pg for the
panel obtained by acting on p by g, and put pgh := (pg)h.
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Lemma 2.1. Let ∆ be a building of type A1 × A1 or C2 (realised as a CAT(1)-space)
and let G be a group of type-preserving automorphisms of ∆. If x is a point of ∆ (not
necessarily a panel) and p is a panel of ∆ at minimum distance from x, then at least
one of the following two possibilities must hold:
(1) There is an element g ∈ G mapping p to a panel opposite p.
(2) There is a panel p′ of ∆ which is fixed by G such that d(p′, x) < pi
2
.
Moreover in case (1), d(p, gx) ≥ 3pi
4
in type A1 ×A1, and d(p, gx) ≥
7pi
8
in type C2.
Proof. Suppose first that ∆ is of type A1×A1. Since the action of G is type-preserving,
and every panel of ∆ which is distinct from p and has the same type as p is opposite p,
if (1) does not hold then G must fix p. Since d(x, p) ≤ pi
4
case (2) holds if (1) does not.
In case (1) d(x, p) = d(gx, gp) ≤ pi
4
, while d(p, gp) = pi, so d(p, gx) ≥ 3pi
4
, as required.
If ∆ is of type C2 then by duality, we may assume that the panel p is a line l. As
d(p, x) ≤ pi
8
, in case (1) we obtain that d(p, gx) ≥ 7pi
8
. Now assume we are not in
case (1). Then lg ∩ l 6= ∅ for all g ∈ G. If lg = l for all g ∈ G then (2) holds with p′ = l.
So suppose lg0 6= l for some g0 ∈ G, and let q = l ∩ l
g0 . If q /∈ lh for some h ∈ G \ {g0},
then lh ∩ lg0 = ∅ (otherwise there is a triangle). But then lg0h
−1
∩ l = ∅, a contradiction.
So q =
⋂
g∈G l
g, and hence qg = q for all g ∈ G. Let p′ = q, then since q ∈ l and p = l
we get d(p, p′) = pi/4. Since d(x, p) ≤ pi/8, we conclude d(x, p′) ≤ 3pi
8
< pi/2. 
A different statement is required for type A2, where opposite panels have distinct types.
Lemma 2.2. Let ∆ be a building of type A2 (realised as a CAT(1)-space) and G be a
group of type-preserving automorphisms of ∆. If x is a point of ∆ (not necessarily a
panel), c is a chamber of ∆ containing x and p is a panel of c, then at least one of the
following two possibilities must hold:
(1) There exists g ∈ G mapping c to a chamber which contains a panel opposite p.
(2) There is a panel p′ of ∆ which is fixed by G such that d(p′, x) < pi
2
.
Moreover in case (1), d(p, gx) ≥ 2pi
3
.
Proof. By duality and abuse of notation we may let c be the incident point-line pair
(p, l). Assume first that there is a g ∈ G such that p /∈ lg. Then lg is opposite p, and (1)
holds. As G is type-preserving and lg is opposite p, d(p, gx) ≥ 2pi
3
, as required. Suppose
now that p ∈
⋂
g∈G l
g. If lg = l for all g ∈ G then (2) holds, so assume there is a g ∈ G
such that p = lg ∩ l. Then ph = lgh ∩ lh = p for all h ∈ G, and (2) holds. 
Remark 2.3. For our strategy to work for X of type G˜2 we would need (1) or (2)
of Lemma 2.1 to hold in type G2 as well. This is however false in general. A (weak)
generalised hexagon GH of order (1, t) is the incidence graph of a projective plane, and
classical projective planes always admit Singer cycles [25]. The induced action of the
cyclic group on GH never maps a point or a line to an opposite, hence we are not in
case (1), and as the action is simply transitive on both points and lines case (2) also
fails. In the case where ∆ is thick and of type G2 it also seems likely that the statement
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is generically false, but counterexamples are a lot more technical. For the split Cayley
hexagon G2(2) an explicit counterexample was communicated to us by James Parkinson.
3. Proof of the main theorem
Let X be an affine building, defined as in [18, Section 1.2], of type A˜1 × A˜1, C˜2 or A˜2.
Then as in [18, Section 1.3.2], each facet of X has a type given by the type of the corre-
sponding facet of the fundamental Weyl chamber of type A1×A1, C2 or A2, respectively.
In particular, the codimension one facets of X have just 2 possible types, with one facet
of each of these types bounding each sector (Weyl chamber) in X, and the types of facets
in the same apartment being invariant under translations of this apartment. We remark
that this concept of type is different to the usual definition of type for discrete buildings,
where a discrete building of type a rank n Coxeter system has n distinct types of panels.
As in [21, Section 6.8], we define an automorphism of X to be an isometry of X which
maps facets to facets and apartments to apartments. We use this definition rather than
the notion of automorphism from [18, Definition 2.5], since by [18, Proposition 2.5] the
latter is necessarily type-preserving, and we do not wish to impose this restriction.
Now let G be a finitely generated group of automorphisms of X such that every element
of G fixes a point of X. To prove that G fixes a point of X, we first establish several
reductions, in Section 3.1. Then in Section 3.2, assuming G has two proper subgroups
whose fixed points are nonempty and disjoint, we construct an element g ∈ G, a sequence
of points in X, a sequence of apartments in X and a point in the boundary of X. In
Sections 3.3 and 3.4 we show, using these constructions and Busemann functions, that g
has an unbounded orbit in X, hence g must be hyperbolic, a contradiction. As explained
in Section 3.2, combining this with an induction completes the proof of Theorem A.
3.1. Reductions.
Lemma 3.1. We may assume X is an R-building in which each point is a special vertex.
Proof. Suppose as in [18] that each apartment of X is modelled on the pair (A,W ),
where A is a 2-dimensional real vector space and W is a subgroup of the affine isometry
group of A such that the linear part of W is a finite reflection group W . Then by the
last paragraph in the Remarques on [18, p. 6] (see also [21, Remark 6.3(d)]), we may
regard X as an affine building in which each apartment is modelled on the pair (A, W˜ ),
where W˜ is the group of all affine isometries of A whose linear part is W . Hence we
may assume that X is an R-building in which every point is a special vertex. We note
that if a point x ∈ X was not originally a special vertex, then the link of x in this
R-building structure will be a spherical building in which at least some of the panels are
only contained in 2 chambers. Thus in general the R-building X will not be thick. 
Lemma 3.2. We may assume that X is metrically complete.
Proof. By [26, Lemma 4.4] (which uses results from [9]) the R-building X can be iso-
metrically embedded in a metrically complete R-building X ′ of the same type, such that
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the G-action on X extends to X ′. Suppose G fixes a point of X ′. Then all G-orbits
on X are bounded. Hence as G is finitely generated, by [26, Main Result 1] G fixes a
point of X. 
Lemma 3.3. Let G be a group of automorphisms of a metrically complete affine build-
ing X. If its type-preserving subgroup G′ fixes a point of X, then G fixes a point of X.
Proof. Assume G′ fixes x ∈ X. Since [G : G′] is finite, the G-orbit of x is bounded,
hence G fixes a point by the Bruhat–Tits fixed point theorem [5, Proposition 3.2.4]. 
3.2. Constructions. By the results of Section 3.1, we may assume from now on that X
is a metrically complete R-building in which each point is a special vertex, and that the
action of G on X is type-preserving. We will prove the following, which contradicts the
assumption that every element of G fixes a point of X.
Proposition 3.4. Suppose G has two proper subgroups G0 and G1 such that the re-
spective fixed point sets B0 := Fix(G0) and B1 := Fix(G1) are nonempty and disjoint.
Then G contains a hyperbolic element.
Assume the result of Proposition 3.4. Now the group G is finitely generated, with say
G = 〈s1, . . . , sn〉. Note that each 〈si〉 has a nonempty fixed set. Then an induction with
G0 = 〈s1, . . . , si〉 and G1 = 〈si+1〉 completes the proof of Theorem A.
The remainder of the paper is devoted to the proof of Proposition 3.4. In this section, we
will construct an element g ∈ G, a sequence of points {ai}
∞
i=0, a sequence of apartments
{Ai}
∞
i=1 and a ξ ∈ ∂X, the visual boundary of X, such that:
Lemma 3.5. For all i ≥ 1, we have ai, ai+1 ∈ Ai, ξ ∈ ∂Ai and ∠ai(ξ, ai+1) ≥
2pi
3
.
The constructions of the ai and Ai and the proof of Lemma 3.5 are by induction, with
the cases i ≤ 2 handled separately first. The case i = 1 includes the construction of ξ,
and g will be the product of elements of G which appear in the cases i = 1, 2.
Since X is a complete CAT(0) space, for i = 0, 1 we have that Bi is a convex subset
of X [4, Corollary II.2.8(1)]. Note also that Bi is closed, hence complete in the induced
metric, since the G-action is continuous (as it is by isometries). Now we choose points
a0 ∈ B0 and a1 ∈ B1 such that d(a0, a1) = d(B0, B1) > 0. Then a0 (respectively, a1) is
the closest-point projection of a1 (respectively, a0) to B0 (respectively, B1).
From now on, for i ≥ 1 we write ∆i for the spherical building which is the link of ai in X
and xi for the projection of ai−1 to ∆i (it will be seen from the construction that ai−1
and ai are always distinct). By our assumption that every point of X is a special vertex,
each ∆i will have the same type. Note that the Alexandrov angle at ai between any two
points x and y of ∆i, denoted ∠ai(x, y), is equal to the distance between x and y in the
CAT(1) metric on ∆i.
If ∆1 is of type A1 × A1 or C2, let p1 be a panel of ∆1 at minimum distance from x1.
If ∆1 is of type A2, let c1 be a chamber of ∆1 containing x1 and let p1 be a panel of c1.
The next, crucial, result uses the local lemmas from Section 2.
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Lemma 3.6. (1) If ∆1 is of type A1 × A1 or C2, then there is a g1 ∈ G1 mapping
p1 to a panel of ∆1 which is opposite p1.
(2) If ∆1 is of type A2, then there is a g1 ∈ G1 mapping c1 to a chamber of ∆1 which
contains a panel pop1 opposite p1.
Moreover, in all cases ∠a1(p1, g1x1) ≥ 2pi/3.
Proof. Since G1 fixes a1, it acts on ∆1. It suffices to show that case (2) in Lemma 2.1
or Lemma 2.2 does not occur (with the obvious modifications of notation). Assume
by contradiction that there is a panel p′ of ∆1 which is fixed by G1 and is such that
d(p′, x1) < pi/2 in the CAT(1) metric on ∆1. Let x
′ be the point ofX\{a1} corresponding
to p′. Then x′ ∈ B1, and we have ∠a1(x1, x
′) < pi/2. Since a1 is equal to the projection
of x1 to B1, this contradicts [4, Proposition II.2.4(3)], completing the proof. 
Let g1 ∈ G1 be as given by Lemma 3.6, and define a2 := g1a0.
It will be helpful from here on to abuse terminology, as follows. If p is a panel of ∆i
and M is the wall of an apartment of X containing ai which is determined by p, then
we will say that M contains p. We similarly abuse terminology for geodesic rays based
at ai which are contained in walls determined by p.
We now construct ξ, and prove Lemma 3.5 for i = 1. Let S12 be a sector of X based
at a1 which contains the point a2.
Lemma 3.7. There is an apartment A1 containing S12, such that p1 is contained in a
wall M1 of A1 which bounds S12.
Proof. Let c12 be the chamber of ∆1 corresponding to the sector S12. By Lemma 3.6
and our construction of a2, one of the panels of c12 is opposite p1. Hence p1 is contained
in a wall M1 of X which passes through a1 and bounds both S12 and a sector S
op
12 of
X which is opposite S12. By [19, Proposition 1.12], there exists a unique apartment A1
which contains both S12 and S
op
12 . Thus A1 contains M1. 
We define ξ ∈ ∂X to be the endpoint of M1 such that the ray r1 := [a1, ξ) contains p1.
Then by construction a1, a2 ∈ A1 and ξ ∈ ∂A1, and ∠a1(ξ, a2) = ∠a1(p1, g1x1). Hence
by Lemma 3.6 we have ∠a1(ξ, a2) ≥ 2pi/3. This proves Lemma 3.5 for i = 1.
We now prove Lemma 3.5 for i = 2. For this, define r2 := [a2, ξ), and note that r2 is
contained in A1 and is parallel to r1 = [a1, ξ). We also define M
′
2 to be the wall of A1
containing r2, and p2 to be the panel of ∆2 contained in r2 (so p2 is contained in M
′
2).
Lemma 3.8. (1) If ∆2 is of type A1 ×A1 or C2, then p2 is a panel of ∆2 which is
at minimum distance from x2.
(2) If ∆2 is of type A2, then there is a chamber c2 of ∆2 which contains x2 such that
p2 is a panel of c2.
Proof. If ∆2 is of type A1 × A1 or C2, then by construction the wall M1 through a1
contains both p1 and g1p1. Now ∠a1(x1, p1) = ∠a1(g1x1, g1p1), both g1x1 and x2 lie on
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the geodesic segment [a1, a2], and M1 and M
′
2 are parallel. It follows that ∠a2(x2, p2) =
∠a1(x1, p1), and thus p2 is a panel of ∆2 at minimum distance from x2.
If ∆2 is of type A2, there is a sector S2 of A1 which is based at a2 and is bounded by r2,
such that a1 is in S2. Then we take c2 to be the chamber of ∆2 determined by S2. 
Now define G2 := G
g1
0 = g1G0g
−1
1 and B2 := g1B0, so that B2 is the fixed set of G2.
Then since g1 is an isometry which fixes B1, we have d(B0, B1) = d(B1, B2) = d(a1, a2),
and that a2 is the closest-point projection of a1 to B2. The next result is then proved
using the local lemmas of Section 2, similarly to Lemma 3.6.
Lemma 3.9. (1) If ∆2 is of type A1 ×A1 or C2, there is a g2 ∈ G2 mapping p2 to
a panel of ∆2 which is opposite p2.
(2) If ∆2 is of type A2, let c2 be as given by Lemma 3.8(2). Then there is a g2 ∈ G2
mapping c2 to a chamber of ∆2 which contains a panel p
op
2 opposite p2.
Moreover, in all cases ∠a2(p2, g2x2) ≥ 2pi/3.
Let g2 ∈ G2 be as given by Lemma 3.9, and define a3 := g2a1. Then using Lemmas 3.8
and 3.9, it follows that ∠a2(ξ, a3) ≥ 2pi/3. Let S23 be a sector of X based at a2 which
contains the point a3. The next result is proved using arguments similar to those for
Lemma 3.7.
Lemma 3.10. There is an apartment A2 containing S23, such that r2 and hence p2 is
contained in a wall M2 of A2 which bounds S23.
Thus a2, a3 ∈ A2 and ξ ∈ ∂A2. We have established Lemma 3.5 when i = 2.
We now define
g := g2g1 ∈ G.
Observe that since g1 fixes a1 and g2 fixes a2 = g1a0, we have a2 = ga0 and a3 = ga1.
We may thus, for i ≥ 2, inductively define
ai := gai−2.
We also for i ≥ 3 define
gi := ggi−2g
−1.
An easy induction shows that gi−1gi−2 = g for all i ≥ 3. Also, for all i ≥ 1, by induction
gi fixes ai, hence gi acts on ∆i, and we have giai−1 = ai+1. Finally, if ∆i is of type A2
then for i ≥ 3 we define
ci := gci−2.
The next result constructs the sequence of apartments Ai, and completes the proof of
Lemma 3.5. For i ≥ 3, assuming we have established Lemma 3.5 in the case i − 1, we
make some definitions inductively as follows. Suppose that the wall Mi−1 of Ai−1 passes
through ai−1 and contains pi−1, and the ray ri−1 = [ai−1, ξ) also contains pi−1. We then
define ri := [ai, ξ), and note that ri is contained in Ai−1 and is parallel to ri−1. We also
define M ′i to be the wall of Ai−1 containing ri, and pi to be the panel of ∆i which is
contained in ri (hence pi is contained in M
′
i).
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Lemma 3.11. For i ≥ 1:
(1) If ∆i is of type A1 × A1 or C2, then pi is a panel of ∆i which is at minimum
distance from xi, and gipi is opposite pi.
(2) If ∆i is of type A2, then ci contains xi, pi is a panel of ci and gici contains a
panel popi which is opposite pi.
Moreover, in all cases, there is an apartment Ai of X such that ai, ai+1 ∈ Ai, ξ ∈ ∂Ai
and ∠ai(ξ, ai+1) ≥ 2pi/3.
Proof. The proof is by induction on i, and the cases i = 1, 2 have been established above.
For i ≥ 3, by construction we have xi = gxi−2. Thus if ∆i is of type A1 × A1 or C2,
by induction the panel gpi−2 is at minimum distance from xi. Since the action of G is
type-preserving, gpi−2 has the same type as pi−2. Now as X has type A˜1× A˜1 or C˜2, the
walls of X have well-defined types, and parallel walls in the same apartment have the
same type (here we are using the notion of type of facets in R-buildings, as discussed at
the start of Section 3). Hence the walls Mi−2 and M
′
i−1 being parallel (in Ai−2) implies
that the panels pi−2 and pi−1 have the same type, and the walls Mi−1 and M
′
i being
parallel (in Ai−1) implies that the panels pi−1 and pi have the same type. Thus pi and
gpi−2 have the same type, and are both panels of ∆i at minimum distance from xi. So
pi = gpi−2. Since pi−2 and gi−2pi−2 are opposite, gpi−2 and ggi−2pi−2 are opposite. To
complete the proof of (1), we observe
gipi = ggi−2g
−1gpi−2 = ggi−2pi−2.
If ∆i is of type A2, then since ci = gci−2 and xi = gxi−2, by induction ci contains xi.
We next show that pi = gpi−2, which implies that pi is a panel of ci. Now ci−1 is a
chamber of ∆i−1 which contains xi−1 and pi−1 is a panel of ci−1. Hence as G is type-
preserving and opposite panels in type A2 have distinct types, gi−1ci−1 has panels p
op
i−1
and gi−1pi−1 (and contains gi−1xi−1). Let Si−1 be the sector of Ai−2 which is based at
ai−1 and corresponds to ci−1 (so that Si−1 contains ai−2). We consider two cases.
Case I: gi−1ci−1 and ci−1 are opposite. Then since gi−1Si−1 and Si−1 are opposite,
by [19, Proposition 1.12] there is a unique apartment A′i−1 which contains both Si−1
and gi−1Si−1 (it is possible that A
′
i−1 = Ai−1, if in the inductive construction of Ai−1
we chose gi−1Si−1 as a sector of X based at ai−1 which contains ai). Let ri−1 be the
reflection of A′i−1 in its unique wall which passes through ai−1 and does not bound Si−1
(or gi−1Si−1). That is, ri−1 is the reflection of A
′
i−1 which fixes ai−1 and takes pi−1 to
gi−1pi−1. Then the geodesic segment [ai−1, ai] = gi−1[ai−1, ai−2] of A
′
i−1 is obtained from
[ai−1, ai−2] by applying the reflection ri−1. For j = i− 2, i − 1, i, write M
′′
j for the wall
of A′i−1 which passes through aj and contains pj (we have adopted uniform notation
here, but by construction, M ′′i−2 = Mi−2, and if A
′
i−1 = Ai−1 then M
′′
i−1 = M
′
i−1).
Then since each M ′′j contains at least some initial portion of the geodesic ray rj , the
three walls M ′′i−2, M
′′
i−1 and M
′′
i of A
′
i−1 are mutually parallel. It follows that ri−1
maps the wall of A′i−1 which passes through ai−2 and contains gi−2pi−2 to M
′′
i . Hence
gi−1gi−2pi−2 = gpi−2 = pi in this case.
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Case II: gi−1ci−1 and ci−1 are not opposite. Note that these chambers cannot be adjacent
in ∆i−1, as gi−1ci−1 contains a panel opposite to the panel pi−1 of ci−1. By [19, Propo-
sition 1.15], there is an apartment A′i−1 which contains Si−1 and a germ of gi−1Si−1.
Write ρi−1 for the retraction of X onto A
′
i−1 such that ρ
−1
i−1(ai−1) = {ai−1}, as guar-
anteed by [19, Axiom (A5′)]. Then by [19, Proposition 1.17], ρi−1 maps gi−1Si−1 iso-
metrically onto the sector ρi−1(gi−1Si−1) of A
′
i−1 which is based at ai−1 and has the
same germ as gi−1Si−1. Thus d(ai−1, ai−2) = d(ai−1, ai) = d(ai−1, ρi−1(ai)), and Si−1
and ρi−1(gi−1Si−1) are non-adjacent and non-opposite sectors of A
′
i−1 which respectively
contain the geodesic segments [ai−1, ai−2] and [ai−1, ρi−1(ai)]. Hence [ai−1, ρi−1(ai)] is
obtained from [ai−1, ai−2] by applying a rotation of A
′
i−1 about the point ai−1 through
angle 2pi/3. This rotation takes the wall of A′i−1 through ai−2 which contains gi−2pi−2
to the wall of A′i−1 through ρi−1(ai) which contains ρi−1(pi). Since retractions and this
rotation are type-preserving, it follows that gi−1gi−2pi−2 = gpi−2 = pi, as required.
We have now shown that pi = gpi−2. Since gi−2ci−2 contains p
op
i−2, which is opposite
pi−2, we have that ggi−2ci−2 contains g(p
op
i−2), which is opposite pi = gpi−2. Also,
gici = ggi−2g
−1gci−2 = ggi−2ci−2.
So gici contains a panel p
op
i which is opposite pi, as required to finish the proof of (2).
Now using either (1) or (2), the construction of Ai such that ai, ai+1 ∈ Ai and ξ ∈ ∂Ai
is then similar to the case i = 2 (see Lemma 3.10). The same arguments as in the cases
i = 1, 2 also show that ∠ai(pi, gixi) ≥ 2pi/3. By construction we have ∠ai(pi, gixi) =
∠ai(ξ, ai+1), which completes the proof. 
3.3. Unbounded Busemann function. The Busemann function (see [4, Definition
II.8.17]) associated to a geodesic ray γ in X is given by, for x ∈ X,
bγ(x) := lim
t→∞
[d(x, γ(t)) − t].
Restricting to the apartment Ai, which can be identified with R
2, and using [4, Example
II.8.24(1)], we see that the horoballs b−1ri (−∞, r] ⊂ Ai are the half-spaces of Ai which
are bounded by lines orthogonal to the wall Mi and which contain a subray of ri.
Lemma 3.12. limi→∞ br1(ai) = +∞.
Proof. Let d = d(a0, a1) = d(ai, ai+1). Then from the above description of horoballs
in Ai, the difference Di := bri(ai+1)− bri(ai) is the distance from ai+1 to the half-space
of Ai which is bounded by the line through ai orthogonal to Mi and which contains ri.
Hence as ∠ai(ξ, ai+1) ≥ 2pi/3, it follows that Di ≥
d
2
. Moreover for all i ≥ 1 the
rays ri := [ai, ξ) are asymptotic, since they all have endpoint ξ. Hence the Busemann
functions bri pairwise differ by a constant [4, Corollary II.8.20]. Thus Di is independent
of i, proving the lemma. 
3.4. End of proof of Proposition 3.4. If g were elliptic then a0 would have a bounded
orbit under g. By definition a2k = g
ka0 for all k ≥ 0, and by Lemma 3.12 we have
limk→∞ br1(a2k) = +∞. But br1(a2k) − br1(a0) is at most d(a0, a2k), a contradiction.
Thus by [18, Corollaire 4.2], g is hyperbolic.
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